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A bstract : We report progress achieved during decades on direct single and multiple ionization of simple atoms by electron collsion. In 
particular we investigate total cross sections from threshold to high energies. Wc show that all experimental data compare favorably with Wannicr 
threshold theory. A better understanding of the ionization process one gets from the analysis of multiply difterential cross sections. To this end wc 
discuss (e. 2e) and (e, 3e) events.
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1. Introduction
llie electron  impact ionization of atoms has been known now 
for nearly 100 years. Quantitative measurements, however, 
mostly for total cross sections have been performed during 
N20 th ro u g h  1 9 7 0 , using parallel plate configurations for 
the collection o f the produced ions [1] or using mass 
spectrometry [2 ] . Particularly during the last 3 0  years detailed 
experimental and theoretical research has been carried out 
allhough for many targets only little or no data exist. T h e  
reasons for that lack are based on the experimental difficulties 
of the preparation of the targets and of selective detection of 
the different types of ionization processes. From the theoretical 
viewpoint the description of an ionization event needs at least 
a 3-body scattering theory valid for long range Coulomb 
interactions. But such a theory is not available. Therefore early 
calculations were based on a first order perturbation treatment, 
also known as Bom approximation or Bethe theory [3 ]. Below 
will summarize Bethes development including applications 
because many present calculations are still based on that 
theory. It is not the purpose to summarize all previous work 
atomic ionization^ only key work including latest results 
be mentioned. This recent work also involves coincidence 
"measurements, i.e. (e, 2e) and (e, 3e) processes. Atomic units 
are used throughout this paper.
2. Total cross sections
Total cross sections are known for a variety of gas targets. 
Measurements for H, i.e, the reaction
e  + H ( lA )-~ > lC  i c  + c> ( 1)
have been performed by several authors, see for instance [4J 
for an overview. Figure 1 shows H data. It is evident that the 
cross section has one single maximum.
Figure 1. Total cross section for electron impact ionization of H (b) as a 
function of impact energy.
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The cross section tends to zero both at high energies as 
well as at threshold. The behavior at high incident energy can 
be evaluated analytically on the basis of the first Bom 
approximation [3,5]. The Bom approximation applies here 
because high-energy collisions are usually accompanied with 
small momentum transfer. It can than be shown that the 
total cross section at constant energy transfer decreases as 
given by
log£lim <Toc- (2)
lim tr,otei cc{ E - E qY * (3)
with £o being the threshold energy and being a characteristic 
exponent given by
l O O Z - 9
4 Z - 1 (4)
For a long time the Wannier law was simply not believed 
in the community. But in the meantime we have 
overwhelming experimental material confirming Wanniers 
threshold law. This data is summarized in Table I.
Table 1. Summary o f experimental and theoretical date of thresh 4 
ionization processes, see text. ‘
Therefore, one conveniently plots E a  versus Iog£. This 
plot, socalled Fano-Plot, shows at high energies a straight line 
whose slope determines the optical oscillatorstrenth, see for 
instance [5].
At threshold the situation is more difficult. From phase 
space considerations one would expect a linear threshold law. 
Correlation is expected however to modify this simple fact. 
Over the years many threshold laws have been published, 
most of them however are wrong because of unrealistic 
assumptions on the correlation. Only Wannier [9] seems to 
have solved that problem. His threshold law reads
Target Projectile Ion n  (exp) n (theor) Refcrcntc
He e lle(b) 1.131 dt 0.019 1.127 ni
He r Hc^ 1.06 1.06 IS!
Ne e Ne(K"‘r 1.13 £0.04 1.127 C>1
At e Ar(K-'r 1.I0±0.04 1.127 1101
i r r Ft 1.15 £0.04 1.127 m i
N r 2.17 2.162 I12|
0 r 0^ +4 2.176 2.162 1121
where Z is the charge of the formed ion. So, for instance, 
ionization of a neutral atom leads to Z = 1 and therefore, to
= 1.127.... This theory is based on the following 
ingredients;
•  Classical mechanics does apply.
•  Double escape near threshold occurs through 
trajectories along an unstable potential ridge.
•  The instability results from competive ineleastic 
scattering leading to single escape.
•  The motion within the reaction zone is irregular.
•  The cross section is identified as time derivative of 
the phase space volume at constant energy.
These ingredients lead to dte following general properties 
of the Wannier law ;
•  The threshold law is valid for any ionization 
mechanism, for instance electron impact ionization, 
photo double itmization.
•  The energy distribution of the escaping electrons is 
flat, i.e. any energy sharing is equally likely.
•  The electrons escape into opposite directions.
Inspection of Table 1 shows favorable agreement between
experimental data and Wanniers prediction. In the case of 
innershell ionization the experimental data shows a 
remarkably large energy range of validity [9]. Qualitativelv 
this is understandable because roughly the ratio of excess 
energy over the binding energy enters into the wavefunction 
not the absolute value of the excess senergy [13]. The Wannier 
theory has been extended to more than 2 escaping electrons 
[ 14]. For triple escape in a singlett spin state Klar and Schlecht 
[14] have predicted the characteristique exponent n = 2.162 
which compares favorably with Samsons measurements [12].
3. Scattering theory
We treat here the theoretical frame to calculate Iriplj 
differential cross sections (TDCS) for (e, 2e)-reactions. The 
TDCS for two escaping electrons (scattered and ionized 
electron, respectively) is formally given by
(5)
where *o, are the momenta of the incident, scattered 
and ejected electron, respectively. The T-matrix element is 
given by
7y = (5P;|K|<p) (6)
Here the initial state d> is a product state consisting ot a 
plane wave for the incoming electron and a bound state 
wave function for the target atom. V is the (non-relativistic) 
potential between the projectile and the target, and 
the final state describing two escaping electrons in flic 
of an ion; i.e. this should be an exact solution of the  ^
electron problem.
An exact solution *F~f of course is not available. The 
following approximations have been frequently used in the 
literature.
Single and multiple ionization o f atoms by electron impact 381
;  /  Plane wave approximation:
this simple approximation disregards any interaction and 
treats both electrons as free particles, i.e.
<pj = '■“***'■*> (7)
] :  Born approximation :
rhis approximation, also known as Bethe [3] approximation, 
IS applicable at low values of the momentum transfer, i.e. at 
elatively fast incident electrons, fast scattered and much 
ilower secondary electrons. This approximation treats the fast 
icattered electron again as a plane wave (free particle) and 
he secondary electron is represented by an ordinary Coulomb 
*ave i'h )'
'y-f(2n)-^'^e‘'‘°'-’y/k^{rk) (8)
This implies that the interaction of the slower electron with 
he ion (often a bare nucleus) is taken into account, but all 
ither interactions in the final state are disregarded. Nice and 
iscfiil applications of the Bom approximation are discussed 
II §4.1 and §4.2.
■i BBK:
K further improvement of the wavefunction is provided by 
aking into account both electron-ion interactions as well as 
he electron-electron repulsion. Exactly this is done by a 
uivefunction, see also [15,16], of the following form
X -/(**/•*+*A-rA)j
X ,F„ (9)
1= andr^jy =rg-/ j , .  The essential property
f this wavefunction is that it shows exact asymptotic 
ehaviour in the Redmond [17] limit, i.e. for large particle 
iparations.
 ^ Local momenta:
n even better description of the double continuum state is 
thieved with help of local space dependent momenta [18], 
also [19]. Actually Alt and Mukhamedzhanov [18] showed 
nessecity of modified momenta to correctly describe the 
^ymptotic form of the wavefunction in the limiting case of 
particle far away from the.remaining 2-body subsystem, 
present here a slightly different view point and proceed 
‘ ^ <^ llows. First we separate off the plane wave factor for the
ectrons
where y/ describes the Coulomb modifications, (<> stands 
for the larger (smaller) electron-ion separation, and arc 
the corresponding momenta. As in the BBK wave-function, 
eq. (9 \  we employ Coulomb waves for 2-body subsystems. 
For the outer electron located at r > we use ordinary Coulomb 
waves for the 2-body subsystem as above,
C3c Aejfp (II)
where ^ e  phase </>being chosen to produce correct asymptotic 
behaviour,




-^ln (*7V ^ +*-(r^ - r< ) j  ( 13)
and K -  j(* > *>). The amplitude in eq. (11) describes the 
motion of the inner electron located at r .^ For r> »  r< the 
wave equation iov A (r<) redues to







where the effective momentum for the inner electron is 
given by
A<.eff-Av+V<(/> (16)
and (^giveb by eq. (13). This momentum modification (16) 
is identical to the result achieved by [18] to lowest order in 
r</r^. ^  in cq. (10) has correct asymptotic behaviour also if 
all three particle separations are large. This is easily seen 
because each of the confluent hypergeometric functions 
reduces than to a pure phase factor, and the effective 
momentum (16) approaches its static value in that limit. 
Eq. (10) is still incorrect in the limit of two electrons close 
together but far away from the nucleus. We investigate 
therefore this limit now. To this end we introduce Jacobi
c o o r d i n a t e s j  (r< ^ r>) andr = r>- For large values of 
X and finite values of r we expect of structure of the 
wavefunction like ~ B(r)e '^  ^ where the phase A  is now 
defined by the eikonal equation




yi = ^ln(A>r, + A > . r , )  +  — ln(*<r, + * < . r < )  (jg) 
For the amplitude B we find the wave equation (r «  R)
|^ ^ ,+ 2 /A r .f f .V ,- i j f i ( r ) -0  (19)
where K^ ff is given by
'feff = •}(*>-* < )  + ^ ( V ,- V < ) / l (20)
We conclude therefore that the wavefunction given by 
eq. (10) should be an accurate solution of the SchrOdinger 
equation provided the relative momentum «ris replaced by its 
effective value, see eq. (16). We intend to employ this 
wavefunction for future (e, 2e) and (y, 2c) calculations. 
Although we expect the wavefunction (10) to give better 
results than (9) we stress that even (9) does quite well. 
Braauner, Briggs and Klar have demonstrated this in pilot 
calculations, see [?].
4. A p p lic a tio n s  o f th e  B o rn  a p p ro x im a tio n
The Bom approximation is far behind a perfect theory, but 
nevertheless it provides some useful applications in the context 
of triply differential cross sections (TDCS). This concerns 
the optical limit as well as the determination of absolute 
TDCSs.
4. /. Optical lim it:
With the wavefunction given by eq. (8) the T-matrix element 
for inelastic electron scattering gets the form
r = i V'/ V> \ (21)
with the momentum transfer given by f  -  Ao -  kg, the index n 
counts the target electrons, and <p is the initial target bound 
state w avefunction. Let us now consider collisions 
accompanied with small values of the momentum transfer. 
This situation can be realized with high incident energy and 
small angle scattering. In the extreme case of nearly zero 
momentum transfer we expand in eq. (21) the exponential 
and find
q>, (22)
Here we have used the orthogonality <y/j\q>> - d .  q = q/q. 
is a unit vector along the momentum transfer direction. The 
above matrix elemnt (22) describes formally photo^sorption 
in dipole approximation, and q  plays die role of the light 
polarization vector. It is a well known fact diet photoexcitation 
or photoionization may be regarded as electron scattering
at zero momentum transfer. It must be stressed that the limn 
9 = 0 can never really be reached in a realistic experiment 
The smallest value actually occurs in forward direction But 
we will see in the following that small angle scattering data 
are very close to photoabsorption data. Consider for instance 
photo-single-ionization of an s-electron in comparison to 
electron impact ionization of an j-electron. Since the photo, 
continuum- electron is ap-electron the photoelectron angular 
distribution is a cos^^distribution, i.e. it looks like an eighi 
axially symmetric to the electric field vector. In the electron 
impact ionization we also find two loops nearly axiallv 
symmetric around the momentum transfer. But the loops are 
different in size, and the axial symmetry is slightly broken 
The departure from the optical limit is due to contributions 
from higher multipoles beyond the dipole.
4.2. Absolute triply differential cross sections :
The above analysis has an immediate application. Often one 
measures quite accurate relative TDCSs at not too large 
values of the momentum transfer. The angular pattern consists 
than of two loops, a binary loop approximately in ^-direction, 
and a recoil peak approximately in opposite direction. Note 
that at finite values of q the two loops have different size 
The normalization procedure may now be performed 
follows. We consider several measurements at fixed incident 
energy but different though small momentum transfer am) 
plot the magnitudes of the binary and recoil peaks as function 
of q, and extrapolate these data to 9 = 0. From 4.1 wc know 
that the two curves must meet in one point. At this poim, 
the optical limit, we usually know the absolute value either 
from another experiment or from theory. Thus we can put 
the relative data onto an absolute scale. Details of this method 
and examples for demonstration may be found in [20], see 
also Figure 2.
0.7
Scattering angle 9g |deg] 






peaks in the direction of the momentum transfer for 150 cV impact cnc^ 
on H(is). Full lines: polynomial fits to measurements for the extrapolate*’ 
to the optical limit q.
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. triply differential cross sections
iVe consider again single ionization by electron impact. In 
,e final state we find two escaping electrons (scattered and 
.jected ones). Because energy conservation holds only for 
he whole system (ion + 2 electrons) the kinematic of the 
flization process is fully determined if and only if at least 
le momenta of two particles (ion + 1 electron, or two 
lectrons) are detected. Mostly one detects the electron pair 
j coincidence [21]. From die Bom apprroximation, see 
3 2, wc know that we get reasonable cross sections 
ariicularly for smaller values of the momentum transfer. An 
verview upon the dependence on the momentum transfer 
shown in Figure 3. The situation is particularly simple for 
initial ^-electron. In the Bom limit (close to the optical 










b in a ry
c o l l is io n
l im i t
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sure 3. T rip le  d ifTcrcntial cross section fo r the e jection  o f  an 5-c lcctron  
>ovc) or a /^-electron (b e lo w ).
omentum transfer. For slightly larger ^-values the axial 
in m e try  is broken. This results from the electron-electron 
pulsion in the continuum. For still larger ^ -values the recoil 
op disappears, i.e. we reach the binary collision limit, 
tperiments in the latter range are suitable to determine the 
itial bound state wavefunction in the momentum space 
Investigations at intermediate ^-values are important 
rthe study of the ionization dynamics. This article focusses 
that aspect. So far we assumed that we ionize an s-orbital. 
Ta;?-orbital the situation is very similar to the proceeding 
s except that the binmy peak may have dip, see Figure 3. 
'is dip results from the node of the p-wavefiinction, and 
ars at ** « q.
The intermediate qr-valuc range was for a long time a 
/siery for the titeoreticians. Departures from the first Bom 
proximation arc evident, but it was unclear where they 
•ae from. Now we know that final state correlation (the 
'ctron-electron repulsion in the continuum) is the origine 
This was first demonstrated by a second Bora calculation
by [24]. That treatment only indirectly and approximativeiy 
takes continuum correlation into account, but it goes into the 
right direction. A more direct approach was developed by 
Brauner, Briggs and Klar [IS] who have used a final state 
waveriuttction, see eq. (9), which has the electron-electron 
repulsion as an essential ingredient in it. Numerical results 
on that b^is compare very favorably with experimental data, 
includin| the circular dichroism, see [25-27] for details, see 
also Figire 4. Quite generally it can be said that the BBK 
is most sjlccessful at not too low incident energies, but it fails 
to reproduce the Wannier law.
' experimental data
E, -  1099 eV, -  10 cV. ft -  l .P , 61)« 54*
Figure 4(a). Calculated FDCS for double ionization o f He. Three 
incident energy is Eq ^  1099 eV, the secondary electron energies are 
=* £r == 10 eV, the scattering angle is «  1.1, one o f the slow elections 




Figure 4(b). Experimental data. Kinematic as in Figure 4a.
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6. Double ionization
Double ionization by electron impact with fully determined 
kinematics requires triple electron coincidences. These are 
usually refered to as (e, 3e) experiment. Such experiments 
are since a few years possible [28]. A theory of (e, 3c) runs 
basically along the same lines as for (c, 2c). In particular a 
BBK-like treatment seems promizing because it takes 
correlation into acount. Actually it is trivial to generalize the 
BBK wavefimction given in eq. (9) to more than tyi^ o escaping 
electrons. One only has to introduce more Coulomb functions 
in eq. (9), one per each electron-nucleus interaction and one 
for each electron-electron pair.
One this basis we have calculated fivefold differential 
cross sections, hereafter FDCS for brevity, for (e, 3c) from 
He. Figures 4a, b show a typical examples for unequal energy 
sharing.
In these situations we have kept fixed the fast scattered 
electron and one of the secondary electrons. The angular 
distribution of the other secondary electron is then plotted. 
We remark that first Bom type treatments have been tried 
[29]. But even at high incident energy and small momentum 
transfer the Bom approximation leads to poor results. We 
believe that the main shortcoming of the Bom approximation 
is that the two secondary electrons are automatically created 
in a spin singlett since the target is a singlett, namely He('5). 
Our BBK-type wavefimction properly antisymmetrized does 
not suffer from that.
Double ionization is often discussed in terms of a two- 
step model. Here the flret step is a single ionization, this 
continuum electron is scattered back, collides with another 
target electron and ionizes that. It remains of course entirely 
in the dark which mechanism forces the first electron to 
return. In this paper we don't do such models. Our view point 
is that the projectile transfers energy to the target, the target 
is than in a high doubly excited continuum state and decays. 
We properly describe that decay. In our view point double 
collision models appear rather artificial and therefore 
unrealistic. So far we have completed one (e, 3e) calculation 
on the basis of an extended BBK treatment. The incident 
energy is £o = 1099 eV, the target is He, the scattering angle 
is ® “  1.1°. The two secondary electrons have energies of
= £c * 10 eV. One of die secondly electrons, say b, is 
detected at die fixed angle of &b = 54°, Figure 4a shows the 
angular distribution of the second secondary electron. The 
unit on the abcissa is radian measured from the momentum 
transfer direction (dotted line). The error bars reflect the
uncerta inty o f the evaluation o f  the T -m atrix element which 
has been perform ed w ith  a M onte C arlo code. This kinematicai 
situation has been investigated experim enta lly [30], see Pigu  ^
4b. Q ua lita tive ly  our ca lcu la tion compares w e ll with the 
experim ent. The incorpora tion  o f loca l m omenta is expected 
to amend the results.
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